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Colloidal particles, amphiphiles, and functionalized nanoparticles are examples of systems that
frequently exhibit short-range attractions coupled with long-range repulsions. In this work we
observe significantly different dependences of the solution osmotic pressure versus composition upon
the formation of clusters in different systems: a decrease in the pressure vs. density slope when
clusters form in attraction dominating systems while clusters formed in repulsion dominating systems
do not effect the pressure. This thermodynamic quantity turns out to be much more sensitive in
picking out different clustering characteristics than the overall aggregation curve, cluster shapes or
the lifetimes of clusters. Our results have significant implications in developing design principles for
stable cluster self-assembly and detection in both laboratory settings and in computer simulations.
Colloids, proteins and functionalized nanoparticles can
self-assemble into larger structures of finite size when the
effective pair interactions are either highly anisotropic
[1–3] or are isotropic with competing attractive and re-
pulsive forces at different distance ranges [4–6]. Am-
phiphiles, surfactants and block copolymers also self-
assemble into aggregates commonly referred to as “mi-
celles” because of the asymmetric nature of the molecules
[7–9]. Structural and dynamic properties of systems
which self-assemble into clusters due to competition be-
tween short-range attraction and long-range repulsion
(SALR) have been the subject of many recent studies
[10–21]. Inhomogeneities arise due to the competition be-
tween the energy-driven preference to organize and the
associated loss of the entropy in both amphiphilic and
SALR systems [4, 22, 23]. Interestingly, it was shown
that the two classes of self-assembling systems can be de-
scribed by the same Landau-Brazovskii functional [23],
and thus their mean-field phase diagrams are topologi-
cally equivalent at high temperatures. Such extraordi-
nary similarity between SALR and amphiphilic systems
provokes questions on whether the two systems stay simi-
lar when studied without resorting to mean-field approx-
imations.
Although clustering of SALR particles has been exten-
sively investigated [12, 18, 24–28], the osmotic pressure
versus density, p(ρ), an important quantity frequently
used to detect aggregation in surfactant systems [29, 30],
has not been previously reported. In this Letter, we re-
port p(ρ) for different attraction strengths and compare it
with the characteristic behavior for micellizing systems.
In such systems, the osmotic pressure follows the ideal-
gas law when the concentration of amphiphiles is low and
the system consists primarily of monomers. Micelles form
above a certain concentration, known as the critical mi-
celle concentration (cmc), at which point the slope of the
osmotic pressure significantly decreases because the clus-
ters are now the independent kinetic entities. The onset
of micellization is also associated with the appearance
of a separate peak in the mass-weighted distribution of
the micelle sizes, the cluster size distribution (CSD), at
the preferred aggregation number. The cmc is commonly
defined as the concentration at which: the slope of the os-
motic pressure changes, a preferred aggregation number
appears and a maximum in the free oligomer concentra-
tion occurs [9]. Importantly, all these manifestations of
structural change appear within a narrow concentration
range. In this Letter, we show cases of SALR systems
exhibiting traditional micellizing behavior and cases that
differ in remarkable ways from this behavior.
In what follows, we first describe the model and meth-
ods. Secondly, we report the p(ρ) and CSD in cases of
attraction- and repulsion-dominated interactions. The
osmotic pressure will hitherto be referred to as the “pres-
sure”, since they are equivalent in implicit-solvent sys-
tems. Finally, we attempt to understand the p(ρ) and
CSD behavior by quantifying the static and dynamic
properties of the self-assembled clusters. Our study of
self-assembling SALR particles shows that, depending on
the ratio of attraction and repulsion strength, clustering
can be qualitatively very different than micellization.
We used the Lennard-Jones and Yukawa potentials in
order to model the SALR potential
V (r) = 4ε
[(σ
r
)2α
−
(σ
r
)α]
+
A
r
e−r/ξ, (1)
where σ = 1, α = 6, A = 0.5 and ξ = 2; two values
of ε were considered: ε = 1.6 and ε = 1.0. The same
form of the SALR potential, but with a much shorter
range of attraction, was studied in Refs. [10, 12, 18, 24].
In our case, after shifting the potential by its value at
rcut = 8σ to zero, the attraction range is 2.042σ (in the
case of ε = 1.6) and 1.8096σ (for ε = 1.0); thus, our
model has similar ranges of attraction to those studied
2in Refs. [11, 31]. We chose the two values of ε so that
the second virial pressure coefficient, B2, has a different
sign over a significant range of temperatures below the
Lennard-Jones critical temperature.
We performed Metropolis Monte Carlo (MC) simu-
lations [32] in the grand canonical ensemble using the
Cassandra package [33], supplemented with a cluster
center-of-mass displacement move algorithm [34]. Two
particles were considered clustered if the distance
between them was less than the range of attraction. In
order to reach equilibrium for each value of the chemical
potential, µ, we performed a sequence of simulations
with decreasing temperature starting at kBT = 1.164
for ε = 1.6 and kBT = 0.831 for ε = 1.0, where kB is
the Boltzmann constant. In both cases, the temperature
step was 0.0831, and at each temperature 5 × 106 MC
steps were performed, 10% of which were the cluster
moves, 50% were the single particle translations and 40%
were single particles insertions or deletions. Production
runs consisted of 109 MC steps after equilibration. The
results were used in calculations of the pressure at a
given temperature by histogram reweighting [30, 35, 36].
To gain insight into the dynamical properties, we also
performed molecular dynamics (MD) simulations in the
canonical ensemble using the HOOMD-blue package
[37, 38]. MD simulations were run using a timestep
of 0.01 dimensionless time units with a Nose´-Hoover
thermostat coupling constant of 10. Production runs
of 5 × 106 MD steps were performed, starting with an
equilibrated configuration from the MC simulations. A
cubic box length of 17σ was used in all simulations.
While the attraction between SALR particles leads
to their aggregation, repulsion limits the size of the
aggregates. In the attraction-dominated case, with
ε = 1.6, the second virial coefficient B2 is negative
for all temperatures kBT < 0.969. Fig. 1 shows the
pressure, p, as a function of the number density, ρ, for
this system. The pressure obeys the ideal-gas law at low
densities. Around a density of 0.02, the slope of p(ρ)
decreases significantly. This decrease in the slope of the
pressure coincides with the formation of clusters (see
upper panel of Fig. 2). The critical density at which
clusters start to form, in analogy to the cmc, can be
defined as the density at which a preferred size of the
clusters occurs. Similar to micellization, the preferred
aggregation number increases with increasing density,
and the location of the local minimum is similar for
different values of the chemical potential. At densities
above the critical cluster density, p(ρ) transitions to a
straight line. The described clustering process strongly
resembles micellization of amphiphilic molecules; thus,
we conclude that clustering of SALR particles with an
attraction dominating interaction is qualitatively very
similar to micellization.
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FIG. 1. Pressure vs. density for ε = 1.6 (dashed line), ε = 1.0
(solid line) and the ideal-gas equation of state (dotted line) .
For ε = 1.6, attraction dominates and the slope changes above
the critical cluster density; for ε = 1.0, repulsion dominates
and the slope does not change. The red circle and the blue
square correspond to the critical cluster density estimated
from the cluster size distributions shown in Fig. 2.
A repulsion-dominated potential does not prevent clus-
tering in SALR systems. In order to study such a case we
set ε = 1.0, for which the second virial coefficient B2 > 0
for kBT > 0.266. The lower panel of Fig. 2 shows that
a separate peak in the CSD forms at kBT = 0.374. The
preferred aggregation numbers are smaller, compared to
the attraction-dominated case, but nevertheless the CSD
curves in both cases are qualitatively similar. According
to the current understanding of surfactant micellization,
the formation of a separate distribution of clusters, as
seen at kBT = 0.374, ε = 1.0, should also correspond
to a response in the pressure. However, the slope of the
pressure for this system (Fig. 1) is almost the same as the
ideal gas pressure; thus, the pressure does not respond to
clustering. That is to say, SALR monomers and particles
in clusters contribute equally to the pressure.
Micelles formed by amphiphilic molecules affect
the pressure because, in comparison to oligomers, i.e.
aggregates smaller than the cluster size at which the
CSD has a local minimum, micelles are bigger and thus
diffuse more slowly [39]. In order to examine possible
reasons why the self-assembled SALR clusters do not
influence the pressure when repulsion is dominant, we
studied the structural and dynamic properties of the
clusters for both values of ε. A structural description of
the clusters can be made by considering their average
size and shape. The size of the clusters is shown in
Fig. 2. Although particles in the repulsion-dominated
system self-assemble into smaller clusters, the small
size of the aggregates does not explain the lack of the
pressure response, because it has been shown that even
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FIG. 2. Cluster size distribution (CSD) weighted by the av-
erage density, ρ, in the attraction-dominated case, ε = 1.6, at
kBT = 0.748 (upper panel) and the case of dominant repul-
sion, ε = 1.0, at kBT = 0.374 (lower panel). In both panels,
the lighter the color, the denser the system. The presented
curves are from MC simulations with the following chem-
ical potential values: µ = 0.036, 0.0365, 0.037, 0.0375, 0.038
(upper panel) and µ = 0.023, 0.024, 0.025, 0.026, 0.027 (lower
panel). The average densities change from ρ = 0.0265, to
ρ = 0.0532 in the upper panel and from ρ = 0.0242 to
ρ = 0.0637 in the lower panel.
small micelles can influence the pressure [40]. Fig. 3
shows that the average shape of the clusters changes
with temperature, and that the higher the temperature,
the less spherical the clusters. However, the cluster
shape does not show significant differences between the
repulsion- and attraction-dominated cases. The same is
true when considering the cluster lifetimes. Following
Ref. [39], we tracked the size of the aggregates during
each MD simulation. Whenever m particles joined an
aggregate of size M , an aggregate of size M +m is born
and an aggregate of sizeM dies. Similarly, a detachment
of m particles from an aggregate of size M is treated as
the death of an aggregate of size M , and the birth of an
aggregate of size M −m. We define the time from birth
to death as the life-time of a cluster. With the above
definitions, mean life-times of the aggregates, τ , were
calculated as a function of cluster size at densities well
above the critical cluster density (Fig. 4). The results
show that the cases have qualitatively similar behavior.
Although, counter-intuitively, the attraction-dominated
case affects the pressure, it has lower values of the cluster
lifetimes, by this metric, than the repulsion-dominated
case. We note that at lower temperatures, when the
effect of the clustering on the pressure is strong, the
average life-time of clusters is qualitatively similar
to τ(M) found for block copolymers [39], specifically
there is a maximum at the preferred cluster size and
a minimum at the separation of oligomer and larger
clusters.
Our finding shows that, for SALR systems, calculating
the critical cluster density from thermodynamic proper-
ties, such as the pressure dependence on density, may not
be sufficient for certain cluster-forming conditions, unlike
traditional micellizing systems. Depending on the condi-
tions, a transition in the cluster size distribution from be-
ing strictly monotonic to a distribution with a preferred
aggregation number may not result in a decrease of the
pressure slope. Future studies of this system will focus
on the oligomer and cluster interactions and dynamics to
help explain the unusual behavior detailed here.
Recent studies of SALR particles assume that the pro-
cess of clustering is similar to micellization [11, 31], and
thus in order to find the critical cluster density one can
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FIG. 3. Ratios between moments of inertia for different prin-
ciple directions and for both attraction strengths. Red circles
correspond to the ε = 1.6 case, while blue squares correspond
to the ε = 1.0 case. Dashed lines connect results for I1/I3,
while solid lines connect results for I2/I3. The ratios were
computed for preferred aggregation number-sized clusters at
each temperature and density from MC simulations.
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FIG. 4. The mean life-times of clusters normalized by the
monomer life-time, τ (M)/τ (1), as a function of cluster sizes
normalized by the preferred aggregation number, M/ 〈M〉.
The attraction-dominated case (red circles) exhibits qual-
itatively similar, but lower life-times than the repulsion-
dominated case (blue squares). The attraction strengths and
the temperature correspond to the p(ρ) curves in Fig. 1,
ρ = 0.053. Preferred aggregation number for the attraction-
dominated and repulsion-dominated cases were 40 and 22,
respectively.
use the methodology developed to determine the cmc for
surfactant systems. Our results, however, show that one
cannot identifying the critical cluster density based only
on the pressure can miss certain clustering morphologies,
such as the one identified here. On the other hand, criti-
cal cluster density calculations based only on the cluster
size distributions do not provide comprehensive informa-
tion about the system thermodynamics.
Experimental studies of SALR systems have yet to
obtain periodic structures [6, 25, 41–44]. Our results
suggest that system design based solely on the desired
structural characteristics of the aggregates can lead
to the formation of entities which, regardless of their
structure, may not be able to form a microphase,
because of their dynamic instability.
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